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ESTIMATION OF THE MAXIMUM ANGLE OF SIDESLIP FOR DETERMINATION OF 
VERTICAL-TAIL LOADS IN ROLLING MANEUVERS ^ 

By Ralph W. Stone, Jr. 


SUMMARY, 

Recent experiences have indicated that angles of sideslip 
in rolling maneuvers may he critical in the design of vertical 
tails for current research airplanes having weight distributed 
mainly along the fuselage. Previous investigations hewe 
indicated the seriousness of the problem for the World War II 
type of airplane. Some preliminary calculations for airplanes 
of current design, particularly with, weight- distributed primarily 
along the fuselage, are made herein. 

The results of this study indicate that existing simplified 
expressions for calculating maximum sideslip angles to determine 
the vertical-tail loads in ' rolling maneuvers are not generally 
applicable to airplanes of current design. A general solution 
of the three linearized lateral equations of motion, including 
product-of-dnertia terms, will usually indicate with sufficient 
accuracy the sideslip angles expected in aileron rolls from 
trimmed flight. In rolling pullouts, however, where the pitch- 
ing velocity is large, consideration of cross-couple inertia 
terms in the equations of motion is necessary to obtain the side- 
slip angles accurately. The inclusion of the equation cf the 
pitching motion seems desirable along with the lateral equations 
of motion in order to obtain the influence of pitching in the 
cross-couple inertia terms of the lateral -equations. Pitching 
oscillations started during rolling maneuvers will be influenced 
by cross-couple inertia moments in pitch and may cause large 
variations in angle of attack which affect the horizontal-tail 
loads. 

INTRODUCTION 

Large angles of sideslip and resultant large vertical-tail 
loads have been encountered in a flight of a high-speed 
swept-wing research airplane and with models of two designs 
flown by the Langley Pilotless Aircraft Kesearch Division. 
All three configurations roUed abruptly while pitching up. 
In the flight of one model, the vertical tail, which was de- 
signed by conventional methods, was lost during the rolling 
maneuver. The motion for all flights appeared to he essen- 
tially a rolling about the X body axis while at high angles of 
attack. The airplane and both models were representative 
of airplane configurations with weight distributed mainly 


along the fuselage such that the moments of inertia in pitch 
and yaw were much larger than the moment of inertia in roU. 
Thus, with regard to inertia, the airplane and models were 
much more prone to rolling than to yawing or pitching. 
The maneuvers mentioned were apparently uncontrolled 
and were possibly the result of the stall of one wing before 
the other, but the rates of roU were not abnormaUy high. 
Prom general considerations the existing techniques for 
determining critical design vertical-tail loads seem to be 
somewhat inadequate for some current airplane designs and 
mass distributions. 

The problem of determining critical vertical-tail loads in 
rolling maneuvers had been recognized for conventional air- 
planes of the past decade (refs. 1 to 3). These investiga- 
tions indicated that vertjcal-taU loads can he calculated with 
sufficient accuracy provided the sideslip angle, rudder de- 
flection, and dynamic pressure are known. The investiga- 
tions also presented simplified expressions for estimating the 
maximmn sideslip angle in ro lling maneuvers. The results 
determined by the simplified expression of reference 3 were 
in close agreement with results found by more rigorous 
expressions and with flight results for airplanes of World 
War n type flying in that period (1946). Examination of 
the simplified expressions indicates that certain assumptions 
and limitations were made r^arding the values of some 
aerodynamic derivatives and ranges of mass distributions 
considered. Subsequent studies have indicated that these 
assmnptions generaUy are not apphcable for current airplane 
designs similar to existing research airplanes. 

The vertical-tail load in a sideslip is proportional to the 
value of the sideslip angle and, as has been assumed in the 
previous work, is assumed to he a criterion for vertical-tail 
design. The purpose of this report is to present the results 
of preliminary estimations of the sideslip angle in rolling 
maneuvers for which, the assumptions and limitations used 
in the simplified expressions of previous work are not in- 
cluded. Some preliminary estimations are also included to 
determine whether limitation of the motion in a ro lling 
maneuver to the three lateral degrees of freedom, as has 
previously been the practice, can seriously influence the 
sideshp estimations. 


1 Saperaedes NAOA TN 2633, “ Estimaaon of tho Maitatiin Anglo of Sideslip lor Detsnnlnatlon of Vertical-Tan Loads In EolUng Maneuveta” by Halph W. Stone, Jr., 1852. 
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COEFFICIENTS AND SYMBOLS 

Tlie motions presented herein ■were calculated about either 
of two sj^tems of axes, the 8ta.hility axes and the body axes, 
the use of either system depending on convenience. A dia- 
gram of both systems of axes sho'wing the positive directions 
of the forces and moments is presented in figure 1. The 
coefficients and symbols presented may he considered to 
apply to either system of axes except where noted. Aero- 
dynamic derivatives, normally available relative to stability 
axes, were transposed by the methods of reference 4 when 
body axes were used. 


O. 


lift coefficient. 


pV^S 


lateral-force coefficient, 


^pV^S 


a 




rolling-moment coefficient. 


^pV^Sb 


pitching-moment coefficient. 


M 


^pV^Sc 


yawing-moment coefficient, 


N 


^pV^Sb 


LGi 




increment of roUmg-moment coefficient 
caused by aileron deflection 
increment of yawing-moment coefficient 
caused by aileron -deflection 






Body syslem of axes 
Figubb 1. — Sketch depicting the stabihty and body systems of axes. 
Each view presents a plane of the axes system as -vie-wed along the 
third axis. 
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lift, lb 

lateral force, lb 
rolling moment, ft-lb 
pitching moment, ft-lb 
yawing moment, ft-lb 
•wing area, sq ft 
■wing span, ft 

mean aerodynamic chord, ft 
air density, slugs/cu ft 
velocity, fps 

monfents of inertia about X, Y, and Z prin- 
cipal axes, respectively, slug-ft* 
moments of inertia about X, Y, and Z sta- 
bihty axes, respectively, slug-ft* 
product of inertia (negative when principal 
axis is inclined above the flight path), 
slug-ft“ 

relative density coefficient based on span, 
mjpSb 

mass of airplane, W/g, slugs 
weight of airplane, lb 
component of weight along F-axis 
acceleration due to gra-vity, 32.2 ft/sec“ 
normal acceleration di^vdded by acceleration 
due to gra^yity 

angle of attack (assmned to be equal to 

tan“’(^^^ in the body system of axes), ra^ 

dians except when otherwise noted 
increment of angle of attack from trimmed 
condition 

angle of sideshp, sin~* radians except 
when otherwise noted 

components of velocity V along the X, Y, 
and Z body axes, respectively; v is also 
component of V along Y stability axis, fps 
rate of change of v ■with time 
angle of pitch, radians except when othenvise 
noted 

angle of yaw, radians except when othenvise 
noted 

angle of roll, radians except when othenvise 
noted 

rolling angular velocity, radians pei- secqpd 
except when otherwise noted 
pitching angular velocity, radians per second 
except when otherwise noted 
yawing angular velocity, radians per second 
except when otherwise noted 
rate of change of an^e of sideshp ■with time 
rate of change of roUmg angular velocity ■with 
tune 

rate of change of ya^wing angular velocity 
■with time 

rate of change of pitching angular velocity 
with tune 
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GENERAL CONSIDERATIONS 


Consideration has been given to various existing methods 
for calculating angles of sideslip in rolling maneuvers. Limi- 
tations in these procedures which may critically influence the 
sideslip angles for airplanes of current design have been 
investigated and axe discussed briefly herein. 

Siraplifled expressions, as has previously been noted, axe 
presented in previous studies for the determination of the 
maximum sideshp angle in rolling maneuvers. The simpli- 
fied expression of reference 1 gives the sideslip angle neces- 
sary to balance combined yawmg moments caused by the 
aUerons (AC„) and by rolling (C,^). The expr^ion of 
reference 3 is the same as that of reference 1 but with an 
analytic empirical factor of 2 and is 


a 1 AOi Cl 


( 1 ) 


A more rigorous expression used to set up design charts 
fox the maximum sideslip angle in rolling maneuvers is also 
presented in reference 3. This expression is based on. the 
hnearized lateral equations of motion in which the product- 
of-inertia terms have been omitted. With the advent of the 
fuselage-heavy loadings the product-of-inertia terms will be 
large, particularly at high angles of attack, and- may in- 
fluence the motion and the maximum angle of sideshp in 
ToUing maneuvers. An evaluation of the effects of products 
of inertia on the maximmn sideshp angles estimated in 
rohing maneuvers for airplanes of current designs therefore 
should be made. 

Another point for consideration in estimating sideshp 
angles in rolling maneuvers, particularly when rolls occur 
in puh-ups, may be cross-couple inertia moments which 
exist when both lateral and longitudinal motions occur 
together. The effects of cross-couple inertia moments may 
be particularly important when the weight is distributed 
primarily along the fuselage. It is beheved therefore that 
the effects of these cross-couple inertia moments on the side- 
shp angle in rohing maneuvers also should be evaluated. 

METHOD OF ANALYSIS 

In order to evaluate the effects of the various parameters 
and changes in parameters which may influence estimates 
of sideshp angles in rohing maneuvers of current airplane 
configurations, a prehminaxy study of rohing maneuvers of 
two airplane configurations was made. Calculations were 
made of the variation of sideshp angle with time in rolling 
maneuvers by an analytic solutioh of the hnearized lateral 
equations of motion, both with and without product-of- 
inertia terms, and by a step-by-step integration of equations 
of motion that are more complete than the hnearized lateral 
equations of motion. The maximum angle of sideshp was 
also calculated by use of the simplified expression of reference 
3 (eq. (1)). 

The three hnearized lateral equations of motion used, 
with product-of-inertia terms included, are 


Stabhity studies subsequent to the study of reference 3, 
such as references 5 and 6, have indicated that the assump- 
tions used in this simplified expression are not apphcable 
for some current configurations. Also, the range of mass 
parameters used to evaluate this expression was limited; 
the ratio of values of Izflx studied in reference 3 was from 
1^ to 3-J, whereas some current high-speed airplane designs 
have ratios of the order of 5 to 12. The effect of these 
differences for current airplane designs shmfld be evaluated to 
justify any further use of the simplified expression (eq. (1)). 


Solution of these equations was made relative to the stabflity 
system of axes. 

In order to evaluate the effects of cross-couple inertia 
terms on rohing and yawing motions, the pitching velocity 
must be included; therefore a fourth degree of freedom is 
necessary, the pitching degree of freedom. It was assmned 
that changes in accelerations along the X- and 2-axes woqld 
not be sufficient in the time necessary to roll 90° to influence 
the resultant motion greatly. Because the cross-couple 
inertia terms are nonlinear, an analytic solution was not 
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possible and a step-by-step integration was made. The 
step-by-step method used was Euler’s method, briefly out- 
lined in reference 7. Euler’s dynamical equations for the 
four degrees of freedom are 

L'=I tJ>— (I H 

M=IrjS— (I Zg—I 

N= 

Y=m{v+u\p—w4>)—WT 

Solution of these equations was made relative to the body 
axes (assTuned to be the principal axes); therefore product- 
of-inertia terms do not appear. These equations as used in 
the step-by-step integration were written as follows: 

\ P'^'S6=0 '(4a) 

Ir;e~(Iz,-Ix;)H-(G„Aa+G^^ | pV^Sc^O (4b) 

(a,/3+<7»,|^+C?.,i|p-l-Aa)ipT^S6=0 (4c) 

mF(cos fiP+4' cos a— <^’ sin d)—W sin {4> cos a+^p sin a)— 

(4d) 

The expression for the weight component in the side-force 
equation (4d) is approximate but is considered to be suffi- 
ciently accurate provided the angle of attack does not become 
excessively large or have large variations. 

In order to evaluate the angle of attack for use in equations 
(4), an additional equation was used whereby the angle of 
attack was estimated for each step of the calculations. 

For all calculations made the maneuver was considered to 
be initiated by an abrupt aileron deflection, the rudder being 
held fixed. The aileron deflection was considered to be 
constant throughout the maneuver. The motion was pre- 
sumed to take place approximately in a horizontal plane for 
all calculations. These assumptions are conservative in that 
they result in somewhat larger estimated sideshp angles than 
those that would be obtained in actual flight where a finite 
time is required to reach m aximum aileron deflections or 
where the motion is not in a horizontal plane, as may be 
true particularly for a roll in a pull-up. For the case of the 
pull-up maneuver the assiunption was made that the ini tial 
pitching velocity had no influence on changes in the angle 
of attack but that only additional pitching velocities affected 
tips angle. 

CALCULATIONS 

The sideshp angles were calcrdated by each of the various 
methods for two airplanes having different stabUity deriv- 
atives. The aerodynamic and physical parameters for the 
two airplanes are listed in table I. The aerodynamic param- 
eters and stabUity derivatives for airplane A (table I) are 


I 

(3) 


those which might be representative of an airplane having a 
long fuselage and a short-span thin wing. It should bo 
noted that the stabUity derivatives Onp and Oi^ are relatively 
large. The aerodynamic characteristics for airplane B (table 
I) were taken from configuration 1 of reference 3 ; the neces- 
sary pitching derivatives were assumed. For this case the 
values of (7,^ and Gi^ were considerably smaUer than those of 


airplane A. In order to make computations of sideshp for a 
condition simUar to one for configuration 1 of reference 3, 


AGi Cl 


the value of A(7j of airpl^e B was taken to make 


equal to 120 and the value of A(7„ was taken as equal to 
kG C 

The value of O, used for these calciUations was 
Ui 15 ^ 

assumed to be constant throughout the rolling motion. The 
effect of aUeron deflection on the rotary wash of the wing at 
the taU was not included in the vdue of (7,^ used. For 
specific cases, however, consideration of this effect should bo 
made. In addition, because the motions considered herein 
have accelerations in roll, a lag in the rotary wash of the 
wing at the taU wUl exist and wUl affect the value of the 

moment acting at any given instant. Consideration of 


this effect should be made in a specific case. A discussion of 
the rotary wash of the wing on the taU is given in reference 6. 

The mass characteristics used for the calculations on each 
of the two airplanes are listed in table II. Two loadings 


TABLE I.— AERODYNAMIC AND DIMENSIONAL 
CHARACTERISTICS 


[Aerodynamic characteristics are referred to stability axes] 


Wing area, sq ft 

Wing span, ft 

Mean aerodynamic chord, ft 

Oi^ per degree 

C-.. T)ftr flporrpft 

Airplane 

A 

160. 6 
22. 7 

7. 84 

-0.0032 

n noRfi 

Airplane 

B 

248 
38. 3 
6. 87 
-0. 0010 
0. 00040 

Cpf, per degree.. 

-0. 016 

-0. 0076 

Ci^ per radian 

-0. 226 

-0. 466 

per radian 

— 0. 130 

—0. 044 

Cl , per radian 

0. 236 

0. 198 

per radian 

-1.090 

-0. 0609 

C*,, per radian : 

-9.000 

-9. 000 

per degree 

-0. 0167 

-0. 0174 

ACt 

0. 0197 

0. 0242 

AC, 

-0.0036 

-a 00299 


TABLE II.— MASS CHARACTERISTICS 


Loading 

Welglit, lb 

Airplane rela- 
tive density 
coeflldent, 

Moments of Inertia, slng41> 

Jxo 


7x, 

Airplane A 

1 

20,828 

7L0 

5,381 

03,971 

06,560 

2 

20,828 

7L9 

34,076 

34,070 

06,669 

Airplane B 


'21,800 

30 

14,000 

20,000 

39,760 

2 

21,800 

30 

6,331 

63,071 

66,550 
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wore used for each, airplane. For airplane A loading 1 was 
such that IzKii2lx and and loading 2 was 

such that Iz^2lx and Ix—It=0. Loadiug 1 for air- 
plane B was taken for configuration 1 of reference 3 for 
/i6=30; a pitching moment of inertia was assumed. Load- 
ing 2 for airplane B was similar to loading 1 of airplane A. 

Estimations of the sideshp angles in rolling maneuvers 
were made for each of the various methods for the flight 
conditions of table m. 

The calculations were based on sea-level air density p of 
0,002378. The motion for each flight condition was cal- 
ciflated by each of the various methods through approxi- 
mately 90° of roU. For the step-hy-step solutions the 
aerodynamic derivatives, referred to the body axes, were 
assumed to he constant and thus independent of angle of 
attack for the range of angle of attack obtained. For the 
analytic solution of the lateral equations of motion the angle 
of attack is assumed to be constant and thus, of course, the 
aerodynamic derivatives are also constant. 

The results for the step-by-step solutions are presented in 
Agmes 2 to 6 for the various conditions listed in table m. 
Shown in figures 2 to 6 are the variations of angular dis- 
placement and angular velocity about the three body axes 
with time, as well as the variation of the angle of sideshp 
and the angle of attack with time. The results for the 
analytic solutions of the three lateral equations of motion 
both ivith and without' the effects of products of inertia of 
the variation of the sideshp angle with time for the various 
conditions listed in table EH are presented in figures 7 to 
11. The variation of sideshp angle with time for the step- 
by-step solutions is also presented in figures 7 to 11 for 
comparative purposes. 

In the step-by-step procedmre, an increment of time is used 
” which in general shoifid be relatively small. A sufficiently 
smaU increment of time shoifid be chosen so as to obtain the 
proper result. In general, large time increments tend to in- 
dicate a less stable motion and thus may indicate . lai^er 
maximum values of sideshp than may actually exist. If the 
motions tend to be irregular, smaller increments of time may 
be necessary than when the variations of the motion are 
smaU. As an example of the effect of different time incre- 
ments, the trimmed flight solution for airplane A, loading 1, 
was briefly studied for three time increments; the effects on 
the sideshp angle are shown in figure 12. For the step-by- 
step calculations presented herein, brief studies were made 
of the effects of time increments and sufficiently small values 
wore used so that the maximum sideshp angle may be con- 

1 ° 

sidered to be accurate within 


TABLE III.— FLIGHT CONDITIONS FOR CALCULATIONS 


Airplane 

Loading 

Flight condition 

TnfHnl 
angle of 
attack, 
deg 

Cl 

V,rps 

A 

1 

Aileron roll from 
trimmed fll^t 
Aileron roll from 
trimmed flight 

10 

ae 

419 

A 

2 

10 

.6 

410 

A 

1 

6o pnllont 

13 

.78 

900 

B 

1 

Aileron roll from 
trimmed flight 
Aileron r^l from 
trimmed flight 

12 

.9 

236 

B 

2 

12 

.9 

2S8 





(a) p, <p, and 

(b) a, e, and 6. 

(c) ip and p. 


Figtjbb 2. — Motion of airplane A, heavily loaded along the fuselage 
Goading 1), -when rolled from trimmed Sight at an angle of attack 
of 10“. Step-by-step method. 
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(c) 

48 56 6.4 

Time, sec 

(a) P, <t>, and i- 

(b) a, e, and 6. 

(o) rp and p. 

Figtjbb 6. — Motion of airplane B, normal mass distribution (loading 
1), when rolled from trimmed flight at an angle of attack of 12°. 
Step-by-step method. 



Time, sec 

(a) /3, <#>, and 4>. 

(b) a, e, and 
• (o) p and p. 

Figtjbb 6. — Motion of airplane B, heavily loaded along the fuselage 
(loading 2), when rolled from trimmed flight at an angle of attack 
of 12°. Step-by-step method. 
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RESULTS AND DISCUSSION 

AIRPLANE A 

The results for airplane A with the mass distributed mostly 
along the fuselage (loading 1) show that by the step-by-step 
method a maximum sideslip of about 5J° was obtained (fig. 
2). The solution of the linearized lateral equations of mo- 
tion, including product-of-inertia terms, gave a maximum 
sideshp angle of about 4f°; whereas the solution of the 
linearized lateral equations without product-of-inertia terms 
gave a maximum sideshp angle of 4^° (fig, 7). Solution of 
the simplified expression of reference 3 (eq. (1)) gives a 
result for the maximum sideshp angle of only 2°. 

The results for airplane A for the second loading' where 
Ix and Jr were equal and each approximately one-half of 
Jz show a maximum angle of sideshp of about 2^° by the 
step-by-step calculations (fig. 3). The solution of the 
linearized lateral equation of motion, including product-of- 
inertia terms, gave a m aximum angle of sideshp of about 
2J° and the solution without product-of-inertia terms gave 



0 .4 E 1.2 L6 ^0 2.4 Z8 3.2 

Time, sec 


Fiqueb 7. — Comparison of a solution by step-by-step method and a 
solution of linearized lateral equations of the variation of angle of 
sideslip with time for airplane A, loading 1, when rolled from trimmed 
flight at an angle of attaok of 10°. 



0 .4 B L2 L6 2.0 Z4 ZB Z2. 36 

Time, sec 


PiQTOB 8. — Comparison of a solution by step-by-step method and a 
solution of linearized lateral equations of the variation of angle of 
sideslip with time for airplane A, loading 2, when rolied from trimmed 
flight at an angle of attaok of 10°. 


a maximum sideshp augle of approximately 2° (fig. 8). 
The simphfied expression of reference 3, equation (1), gives 
a value of maximum sideshp angle of 2°. 

The results for the 6g pull-up for airplane A, loading 1, 
(fig. 4) are for a relatively high velocity of 900 feet per 
second (Mach number of approximately 0.83). (The 
stability derivatives in table I for airplane A were used 
without consideration of any compressibihty effects.) A 
maximum angle of sideshp of approximately 6^° was 
obtained by the step-by-step method. The linearized lateral 
equations of motion, including product-of-inertia terms, gave 
a maximum angle of sideshp of about 4§° (fig. 9); whereas 
the hnearized lateral equations excluding product-of-inertia 
terms gave a maximum sideshp angle of only 2^°. The 
simphfied expression of reference 3 (eq. (1)) gives a maximum 



0 .2 .4 . B .8 1.0 1.2 1.4 1.6 


Time, sec 

Figure 9. — Comparison of a solution by step-by-step method and a 
solution of linearized lateral equations of the variation of angle of 
sideslip with time for airplane A, loading I, when rolled in a 0^ 
puUout. 



Figure 10. — Comparison of a solution by step-by-step method and a 
solution of linearized lateral equations of the variation of angle of 
sideslip with time for airplane B, loading 1, when rolled from trimmed 
flight at an angle of attack of 12°. 
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value of sideslip angle for this case of about 2^°. It may be 
of interest to note that the value of maximum sideslip angle 
obtained for the rolling pull-up by the more complete 
methods was somewhat in excess of the maximum values 
for which similar recent research airplanes have been 
designed. 

A summai’ization of these results for the maximum angles 
of sideslip for each airplane condition and method of calcula- 
tion is presented in table IV. The values listed are 

appro.ximate in that they have been rounded to the nearest 
x° 

■k • 

The results of airplane A for aileron rolls in trimmed 
flight (loadings 1 and 2) by the step-by-step method and by a 
solution of the linearized lateral equations, including 
product-of-inertia _ terms, compare favorably both in the 
maximum sideslip and its variation with time (figs. 7 and 8). 
It appears, therefore, that the pitching velocities which are 
included in the step-by-step solutions did not appreciably 
influence the sideslip angles through the cross-couple inertia 
moments in yaw 11x—It)6^ and roll The 

solution of the linearized lateral equations of motion, 
including product-of-inertia terms, therefore appears to be 
adequate for estimating the maximum angle of sideslip when 
the pitching motion is relatively small. 

For the case of the Qg pull-up, however, the linearized 
solution underestimated the maximum sideslip angle ob- 
tained by the step-by-step solution by approximately 20 
percent and the variation of sideslip angle with time (fig. 9) 
is somewhat different for the solution of the linearized lateral 
equations (including product-of-inertia terms) and for the 
' step-by-step solution. The periods of the motion for the 
two solutions are similar but the damping characteristics 
appear to be considerably different. TTiis difference is in 
agreement with reference 8 which indicates that in steady 
rolling cross-couple inertia moments cause changes in stabil- 
ity when the directional and longitudinal stabilities are 
different. The differences indicate some influence of the 

TABLE IV.— SUMMARY OF MAXIMUM SIDESLIP ANGLES 
OBTAINED IN ROLLING MANEUVERS FOR THE VARIOUS 
CONDITIONS CONSIDERED AND BY THE VARIOUS 
METHODS USED 


Loading 

Flight condition 

Sideslip angle, deg, obtained by^ 

Step-by- 

step 

solotlon 

Solntlon of 
linearized 
lateral 
equations 
with 

prodnot-of- 

Inertia 

terms 

Solntlon of 
linearized 
lateral 
equations 
^thont 
prodno^f- 
Inertla 
terms 

Solution of 
slmpUfled 
expression 
(eq. (D) 

AtrpTfinft Jk. 

■ 

Aileron roll from 
trimmed level flight 

SI 

4} 

4} 

2 

H 

Aileron roll from 
trimmed level flight 

2i 

2 } 

2 

2 


BoU flom 6g poflont 

Si 

4} 

2} 

2} 

Airplane B 

1 

Aileron roll from 
trimmed level flight 

2Si 

24 

27 

' 30 

2 

Aileron roll Irom 
trimmed level flight 

24} 

231 

30 

30 


pitching motion on the later^ motion through the cross- 
couple inertia moments resulting from the pitching, these 
moments being (Ix — Ir)^9 and (/r — Iz)'p6 for yawing and 
rolling, respectively. This effect for the pull-up case appears 
to be the result of the much laiger pitching velocity associated 
with the pullout maneuver than 'existed for the aileron rolls 
from trimmed flight where the agreement by the two solu- 
tions was go6d both for the maximum sideslip as weU as its 
variation with time (figs. 7 and 8). It appears therefore 
that, for rolls in pullouts when the pitching velocity is laige, 
sideslip angles should be calculated by the more complete 
step-by-step method of the nonlinear equations of motion 
which include cross-couple inertia terms. 



Figubb 11. — Comparison of a solution by step-by-step method and a 
solution of linearized lateral equations of the variation of angle of 
sideslip with time for airplane B, loading 2, when rolled from trimmed 
flight at an angle of attack of 12°. 



Figubb 12. — Effects of different time increments on the variation with 
time and the maximum value of sideslip angle for airplane A, loading 
1, when rolling from trimmed flight at an angle of attack of 10°. 
Step-by-etep method. 
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The rate of roll ^ for airplane A, loading 1, both for the 
aileron roll from trimmed flight and the 6g pullout (figs. 2 
and 4) varied considerably during part of the. motion, 
apparently being dependent upon the sideshp an^e and 
upon Ot^ (the dihedral effect). A mnyimum value of 
pb/2V of about 0.03 was obtained for both cases; whereas 
the value of ACilOi^, the steady-state value of pb/2V for 
the rolling degree of freedom, would be about 0.088 for both 
cases. For loading 2 (where the weight is more heavily 
distributed along the wing than for loading 1) the airplane 
rolled slower than for the first loading and the maximum 
value of pbj2V attaiued was about 0.023 as compared again 
with the value of AOi/Ci of 0.088. Since the simplified 
expression of reference 3 (eq. (1)) is based on a substitution of 
ACt/Ot^ for pb/2V, agreement in these parameters appears 
essential to the valid use of equation (1). For airplane A 
these parameters were appreciably different. For loading 1 
either for the aileron roll from trimmed flight or the 6g 
pullout, the simplified expression appreciably underesti- 
mated the value of maximum sideslip angle. Becaiise of 
differences in the values of AOi/Ci^ andp6/2F the agreement 
indicated by the simplified expression and other methods of 
calculation for airplane A, loading 2 (aileron roll from 
trimmed flight), appears to be only coincidental. It ap- 
pears, therefore, that the simplified expression is not gener- 
ally applicable for airplanes of the type of airplane A. 

The effects of products of inertia on the ma xim u m , a^le 
of sideshp and its variation with time are shown , by the 
comparison of the solutions of the lateral equations both 
with and without products of inertia in figures 7 to 9 for 
the various conditions calculated for airplane A. Solutions 
mthout the product-of-inertia terms imderestimated the 
mnximiim sideshp angle as obtained by the more complete 
methods of calculation. The effect of the products of 
inertia on the sideshp angle appears to bo primarily an 
effect on the yawing moment, where the component of 
moment is ^Ixz- In general this effect (for negative values 
of Ixz as exist for the cases considered herein) is to increase 
the maximum sideshp angle, provided ^ is positive prior to 
the time the m aximum sideshp angle is reached. It is also 
of interest to note that products of inertia had an appre- 
ciable influence on the period of the motion as weU as the 
damping of the motion for this airplane as calculated by the 
linearized lateral equations, both the period and time to 
damp of the osciUations being shortened by the products of 
inertia (table V). 

As has previously been indicated, the pitching motion and 
the resulting cross-couple inertia moments do not appreciably 
influence the motion or the maximum sideshp angle for the 
aileron rolls from trimmed flight (figs. 7 and 8). The differ- 
ences between the results for loadings 1 and 2 thus seem to 
be caused by the differences in the value of Ix, loading 2 
leading to a smaller value of maximum sideshp. Because 


of the increased value of Ix for the second loading, the 
airplane rohed slower than for the first loading; hence at a 
given instant of time pbj2V was smaUer and the moment 

G. which was in a direction to increase the sideshp 

angle was smaller than for the first loading. Airplanes 
which roh fast may therefore tend to encounter larger values 
of m aximum sideshp than those which roh slow. 

As. an extreme example of the effects of inertia, consider 
a case of infinite inertia about the Z- and F-axes and some 
finite inertia about the X-axis. Bolling about the X body 
axis would cause m aximum sideshp angles equal to the initial 
angle of attack, and the angle of attack would vary through 
a range of plus and minus the initial value of angle of attack. 
It is apparent, therefore, that the initial^ angle of attack is 
important to any study made and that the most serious 
condition would be one of the rohing puhout where the angle 
of attack is large and the speed is high. 

As is imphed in the previous discussion, when the rohing 
motion of an airplane is considered about the body axis, 
increased roh results in decreased angle of attack. Because 
the airplane has static stabhity (and a finite value of Ir), 
the airplane tended to maintain its original trim angle for 
airplane A, and a pitching oscihation was started (figs. 2 (b), 
3 (b), and 4 (b)). The cross-couple inertia moment in pitch 
(Ja — Ix)H' for ah cases for airplane A was in a direction to 
cause the airplane to trim at angle of attack gi’eater than 
the original trim angle because ^ and ^ were both always 
positive, as is Iz — Ix- 

AIBPLANE n 


The results of step-by-step calculations for ah-plane B, 
loading 1 (configuration 1 of ref. 3), gave a value of maximum 
angle of sideshp of approximately 25|° (fig. 5) . The solution 


TABLE V.— LATERAL OSCILLATORY STABILITY FOR 
CONDITIONS CALCULATED 


FU^t condition 

Loading 

Product-oMnortIa 
ofleots indudod 

Produot.oMnortln 
olleots oxcludod 

Period of 
oscilla- 
tion, see 

Time to 
damp to 
one-naif 
ampli- 
tude, SCO 

Period of 
oscUlo- 
tlon, SCO 

Time to 
damp to 
one.fmIf 
ampli- 
tude, SCO 

Airplane A 

Aileron roll from trimmed level 
flight 

1 

LQ8 

L85 

Z83 

78.1 

Aileron roll Irom trimmed level 
flight 

3 

3.83 

3.63 


3.80 

Boll from 6j7 pullout 

1 

.84 

.67 

1.34 

Z30 

Airplane B 

Aileron roll from trimmed level 
flight 

1 

■0.61 

6.62 

0.8A 

417 

Aileron roll from trimmed level 
flight 

3 

8.40 

2.89 

7.93 

3X5 
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of the linearized lateral equations of motion, including 
product-of-inertia terms, gave a maximum sideslip angle of 
about 24°; wbereas the solution of the linearized lateral 
equations of motion without product-of-inertia terms gave a 
maximum sideslip angle of about 27° (fig. 10). The simpli- 
fied expression of reference 3 (eq. (1)) gives a value of 
approximately 30°. 

The results for the second loading for airplane B (fig. 6) 
indicate that a maximum sideshp angle of about 24J° was 
attained by the step-by-step method. The solution of the 
linearized lateral equations of motion, including product-of- 
inertia terms, gave a maximum sideslip angle of about 
23J-° which compares favorably i^th the value of 24^° 
obtained by the step-by-step method. The variation of 
sideslip angle with time also compares favorably for the two 
methods (fig. 11). A solution of the linearized lateral equa- 
tions, excluding product-of-inertia effects, gave a maximum 
sideslip angle of about 30°. The simplified e:sq)ression of 
reference 3 (eq. (1)) gives a maximum sideslip angle of 
about 30° for this case. 

These results of approximate maximum sideslip angles for 
airplane B are listed in table IV. As was indicated for air- 
plane A, the values in table TV have been rounded to the 
nearest J-°. 

As was the case for airplane A for aileron rolls from 
trimmed flight the agreement was good between the maxi- 
mum sideslip angle and the variation of sideslip angle with 
time between the step-by-step solution and the solution of 
the linearized lateral equations including product-of-inertia 
terms for airplane B (^. 10 and 11).' These results also 
indicate that the pitching motion and residting cross-couple 
inertia terms (Ix—Ir)o4 and for rolls from 

trimmed flight are not sufficient to influence the maximiun 
sideslip angle. 

For airplane B the rolling velocity ^ varied widely because 
of the dihedral effect resulting from the large sideslip angles. 
Maximum values of p6/2F of 0.041 and 0.048 were obtained 
for loadings 1 and 2, respectively. The value of ACi/Oi^^ 
the steady-state value of pbl2V for the rolling degree of free- 
dom, was 0.063. Substitution of ACifOi^ for p6/2F in the 
simplified expression of reference 3 (eq. (1)) therefore seems 
to bo more nearly accurate for this airplane than it was for 
airplane A and the agreement of the simplified expressioii 
ivith the more complete solutions may be considered better 
for this airplane than for airplane A. It is of interest to note, 
however, that the simplified expression overestimated the 
'maximmn sideslip angle for airplane B, whereas it had 
imdorestimated the values for airplane A. 

For both loadings for airplane B, the solution of the 
linearized lateral equations, excluding product-of-inertia 
terms, leads to laiger maximum sideslip angles than were 
obtained when products of inertia were included (figs. 10 
and 11). This result occurs primarily because the rolling 
acceleration was negative for some time prior to the time 


the maximum sideshp angle was reached and the moment 

Ixz<t> in the yawing-moment equation was such as to reduce 
the sideshp angle. 

The results for airplane B showed httle influence of load- 
ing on the maximum sideshp angle (figs. 5 and 6) for aileron 
rolls from trimmed flight. The differences in loadings 1 and 
2 for airplane B were a change in the value of both Ix and 
Iz (table II). Since the small value of Gu^ for airplane B 
led to lai-ge values of sideshp angles, the dihedral effect 
became a predominant moment in roh and the resultant 
rates of roU for both loadings for most of the motion wore 

not appreciably different. The moment CL was, there- 

p 2y 

fore, similar for both loadings, this similarity contributing 
in part to the agreement in sideshp angles for the two 
loadings. 

For both loadings on airplane B, an oscillation in angle 
of attack was started about the initial trim angle of attack, 
the oscfllation tending to be divergent (figs. 5(b) and 6(b)). 
Maximum deviations of 3^° and 7^° from the trim angle of 
attack were obtained for loadings 1 and 2, respectively. 
For this airplane the ci’oss-couple inertia moment in pitch 
changed sign during the motion in that the 
values of <f> and ^ changed sign; whereas for airplane A these 
values were of constant sign. This variation of sign of this 
moment may have augmented the oscillation in angle of 
attack. It appears that, if the motion were ahowed to 
progi-ess, larger variations in angle of attack and even nega- 
tive angles of attack may be encountered. Variations of 
angle of attack of this type as encountered in rolling maneu- 
vers may be problems for consideration in horizontal-tail 
designs. 

Because accelerations along the Z-axis were not considered, 
the effect of dC7i/da was neglected. The effect of bC„Jba 
was also neglected, since this derivative was omitted from 
the pitching equation. Inclusion of these factors would 
have caused a somewhat more heavily damped pitching 
oscillation and somewhat smaller variations in angle of 
attack than are presented. The effects of pitching caused 
by changes in angle of attack on the sideshp angle, through 
the cross-couple inertia moments, have, however, been shown 
to be relatively small; whereas the effect of an initial pitch- 
ing velocity (which is not influenced by the omissions dis- 
cussed) as in the 6g pull-up for airplane A does have some 
influence on the sideshp angles. _ , , 

COMPABISON OF AIRPLANES A AND B 

As has previously been noted, the second loading for air- 
plane B is nearly the same as loading 1 for airplane A; there- 
fore, the significant difference in the results in figures 2 and 
6 (maximum values of /3 of 5i° and 24|°, respectively) is 
caused by differences in the aerodynamic forces and mo- 
ments acting. One primary difference for these two cases is 
the value of (7,^ (directional-stabihty derivative). For low 
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values of Cn^ (airplane B) large values of sideslip angle were 
obtained (about 25°); whereas for large values of (air- 
plane A) small values of maximum sideslip angle were 
obtaiued (about 5°). It appears, therefore, that On^ is 
a critical parameter for vertical-tail design. 

As has previously been noted, changes in loading for 
airplane A had an appreciable effect on the ma.xiTimm angle 
of sideshp; whereas changes in loading for airplane B had 
relatively httle influence on the maximum sideshp angle. 
For airplane A, for which the an^es of sideshp were rdatively 
small (of the order of 5°) because -of the large value of 
On,, the change in loading caused primarily a change in the 

■J? U 

rate of roll and the yawing moments were appreciably 

different. This moment contributed to the differences in 
sideshp angle. For airplane B the relatively small value of 
the directional-stabihty derivative Cn^ allowed the airplane 
to reach large sideshp angles, and the dihedral effect arising 
from these large sideshp angles caused the rates of roh to be 
small and similar for both loadings such that the con- 

7) u 

tributions of were similar, as were the resultant 

sideshp angles. 

For airplanes of current design for high-speed high- 
altitude flight, the trends in aerodynamic characteristics, 
particularly increasing values of <7„^, appear to be such as 
to cause smaller sideshp angles in rolliug maneuvers than 
were encountered with the World War II type of airplane. 
The changes in aerodynamic characteristics appear, there- 
fore, to cause a change in the order of magnitude of the 
maximum sideshp angles. It is important to note, however, 
that vertical-tail sizes as well as airspeeds have tended to 
increase for these current designs and hence the vertical-tail 
loads may be large in spite of the smaUer sideshp angles. 
Changes in mass distribution appear to influence critically 
the maximum sideshp angle only for airplanes of current 
design where the sideshp angles may be relatively small. 

CONCLUSIONS 

The results of the investigation presented herein give the 
following indications with regard to sideshp angles and 
resultant vertical-tail loads in rolling naaneuvers for current 
high-speed airplanes: 

1. Existing simplified expressions for calculating maximum 
sideshp angles in rolling maneuvers will greatly rmder- 
estimate the maximum sideshp angle for some conditions. 

2. Solution of the three' linearized lateral equations of 


motion, including product-of-inertia terms, avill generally 
indicate with sufficient accuracy the sideshp angles expected 
in aileron rolls from trimmed flight. 

3. In rolling pullouts where the pitching velocity is largo, 
inclusion of the equation of pitching motion along mth the 
lateral equations of motion and consideration of cross-couple 
inertia terms is necessary to obtain the maximum sideshp 
angles accurately. 

4. Trends in aerodynamic characteristics, particularly 
increasing values of (the rate of change of the yarving- 
moment coefficient due to sideshp), appear to be such as to 
cause smaller maximum sideshp angles than were encountered 
in the past although the vertical-tail loads may be large 
because of the higher airspeeds. For the case of large On^, 
variations in mass distribution may critically affect the 
maximum sideshp angle. 

5. Pitching oscillations started during the rolling motion 
will be influenced by cross-couple inertia moments and may 
cause large variations in angle of attack which affect the 
horizontal-tail loads. 

Langley Aeronautical Laboratory, 

National Abvisort Committee for Aeronautics, 
Langley Field, Ya., December 7, 1961. 
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